Abstract. In this paper, we investigate when weighted composition operators acting on Dirichlet spaces D(B N ) are complex symmetric with respect to some special conjugations, and provide some characterizations of Hermitian weighted composition operators on D(B N ). Furthermore, we give a sufficient and necessary condition for J-symmetric weighted composition operators on Hardy spaces H 2 (B N ) to be unitary or Hermitian, then some new examples of complex symmetric weighted composition operators on H 2 (B N ) are obtained. We also discuss the normality of complex symmetric weighted composition operators on H 2 (B N ).
Introduction
Let B N be the unit ball in C N and S N denote the unit sphere. Let where dσ(ζ) is the normalized surface measure on S N . Recall that for any analytic self-map ϕ ∈ S(B N ) and any analytic function ψ ∈ H(B N ), the weighted composition operator is given by
If ψ ≡ 1, we get the composition operator C ϕ . In the past five decades, the study of (weighted) composition operator attracted attention of the researchers. It is very interesting to explore how the function theoretic behavior of ϕ affects the properties of C ϕ on various holomorphic function spaces. For general information about composition operator, we refer the readers to book [1] for more details. * ϕa J a was given in [15] . Very recently, in [10] Jung et al. studied which combinations of weights ψ and maps of the disk ϕ give rise to complex symmetric weighted composition operators with respect to classical conjugation Jf (z) = f (z). In [8] , Gao and Zhou gave a complete description of complex symmetric composition operators on H 2 (D) whose symbols are linear fractional. Since all conjugation can be considered as a product of a J-symmetric unitary operator U and the conjugation J. Fatehi in [3] find all unitary weighted composition operators which are J-symmetric and consider complex symmetric weighted composition operators with special conjugation W ka,ϕa J on H 2 (D). Moreover, a criterion for complex symmetric structure of W ψ,ϕ on H γ (D) (with reproducing kernels K γ w = (1 − wz) −γ , where γ ∈ N) was discovered in [12] . In [19] , Yuan and Zhou characterized the adjoint of linear fractional composition operators C ϕ acting on D(B N ). In [13] , the authors showed that no nontrivial normal weighted composition operator exist on the Dirichlet space in the unit disk when ϕ is linear-fractional with fixed point p ∈ D.
Motivated by these researches, we attempt to generalize some discussion into more spaces, such as D(B N ), H 2 (B N ). The rest of the paper is organized as follows: First, we recall some fundamental definitions and theorems concerning our results. Then we examine the question "Which weighted composition operator on D(B N ) are complex symmetric?". We prove that W ψ,ϕ is J-symmetric (JC Uz -symmetric) if and only if W ψ,ϕ is a multiple of the corresponding complex symmetric composition operator C ϕ . In addition, we also show that C ϕ is J-symmetric if and only if ϕ(z) = ϕ ′ (0)z for z ∈ B N and ϕ ′ (0) is a symmetric matrix with ||ϕ ′ (0)|| ≤ 1. We then provide characterizations of Hermitian weighted composition operators on D(B N ). Moreover, we study when the class of J-symmetric weighted composition operator to be unitary or Hermitian. By providing some sufficient conditions for weighted composition operators to be both unitary and J-symmetric, then we get some new examples of complex symmetric weighted composition operators on H 2 (B N ). Finally, we discuss the normality of complex symmetric weighted composition operators on H 2 (B N ).
Preliminaries

Linear fractional map.
Definition 2.1. A linear fractional map ϕ of C N is a map of the form
where A = (a j,k ) be an N × N -matrix, B = (b j ), C = (c i ) be N -column vectors, D be a complex number, and ., . indicates the usual Euclidean inner product in C N . If ϕ(B N ) ∈ B N , ϕ is said to be a linear fractional self-map of B N and signed as ϕ(z) ∈ LFT(B N ).
In this paper, we identify N × N -matrices with linear transformations of C N via the standard basis of C N . Fix a vector a ∈ B N , we denote by ϕ a : B N → B N the linear fractional map
where s a = 1 − |a| 2 , P a be the orthogonal projection of C n onto the complex line generated by a and Q a = I − P a , or equivalently,
where T is a self-adjoint map depending on a. We use Aut(B N ) to denote the set of all automorphism of B N . * 2.2. Spaces and weighted composition operator. In the Dirichlet space D(B N ), evaluation at w in the unit ball is given by f (w) = f, K w where
. And in H 2 (B N ) the kernel for evaluation at w is given by
(1− z,w ) N . Next we list some fundamental properties of bounded weighted composition operators. It can be shown that
Continue to the kernels for the first partial derivatives at a, we have
for any k = 1, 2, . . . , n and f ∈ D(B N ).
Thus, we have
In the same way, we will write f, K
for i, j = 1, 2, . . . , n. Also, we find that
Therefore, Proof. Since C ϕ is complex symmetric with non-empty point spectrum. [14, Proposition 3.1] shows that C ϕ is not hypercyclic. By [18, Theorem 1.1], we obtain ϕ has a fixed point in the unit disk. Proof. Since C ϕ is J-symmetric, it follows from [4, Proposition 2.4] that ϕ(z) = az for some |a| 1, and so C ϕ is normal.
For the converse, suppose C ϕ is normal on D, by [1, Theorem 8.2], we conclude that ϕ(z) = az with |a| 1. An easy calculation gives C ϕ JK w (z) = JC * ϕ K w (z), for all z, w ∈ D and hence C ϕ is J-symmetric.
Remark 3.3. Indeed, every normal operator is complex symmetric, so it is natural to ask "if there any complex symmetric but not normal composition operator C ϕ whose symbol is not a constant and also not involution?" 3.2. Complex symmetric weighted composition operators on D(B N ). Following this idea, one is interested in determining whether the J-symmetric of composition operator is equivalent to its normality for the dimension greater than 1. Now, we begin with the theorem that gives the sufficient and necessary condition for weighted composition operators W ψ,ϕ to be J-symmetric. proof. If W ψ,ϕ is complex symmetric with conjugation J, then we have
Putting w = 0 in Equation (3.1), then we have
Subsituting the formula for ψ(z) into Equation (3.1), we obtain
Taking partial derivate with respect to w 1 on the both sides of Equation (3.3), we get
.
Setting w = 0 in the above equation, we have
Similarly, we get
here ϕ ′ (0) T denote the transpose matrix of ϕ ′ (0). Next, we claim that ϕ(0) = 0 when W ψ,ϕ is complex symmetric with conjugation J. Note that
Putting a = 0 in Equation (3.5), and by Equation (2.3), we have
. . .
It follows from Equation (3.6) that
Since we obtain a precise formula for ψ(z) and ϕ(z) when W ψ,ϕ is complex symmetric with conjugation J, thus by Equation (3.2) and (3.4) we get
On the other hand, by Equation (2.4), we have
By Equation (3.2), we have
Thus,
and
Then by Equation (3.4), a calculation gives
Similarly, we have
for j = 1, 2, . . . , n. Putting all our information together and returning to the Equation (3.9), we get
Combining Equation (3.8) and Equation (3.14), we have
Finally, from Equation (3.2), Equation (3.4) and Equation (3.15) we easily deduce that ψ(z) = ψ(0) = c and
where c is constant and ϕ ′ (0) is a symmetric matrix with ||ϕ ′ (0)|| ≤ 1. Indeed, notice that if C ϕ ′ (0)z is J-symmetric, it is easy to show that ϕ
is, ϕ ′ (0) is a symmetric matrix. The converse is clear. Using similar proof of Theorem 3.4, we also easily prove the following theorem. 
It follows from Theorem 3.4 that
Therefore, replace U z by z, we have
where c is constant, ϕ ′ (0) is a symmetric matrix with ||ϕ ′ (0)|| ≤ 1 and ϕ ′ (0)U = U ϕ ′ (0). In fact, notice that if C ϕ is JC Uz -symmetric, it is easy to check that that ϕ ′ (0)U = U ϕ ′ (0). The converse direction follows readily from a simple calculation, so we omit the proof.
Hermitian weighted composition operators on D(B N
. In this section, we will find out the functions ψ and ϕ when W ψ,ϕ are bounded Hermitian weighted composition operators. Not surprisingly, we will prove that no nontrivial Hermitian weighted composition operator exist on D(B N ). Proof. Since W ψ,ϕ is a bounded Hermitian weighted operator on D(B N ), then we have
for all z, w ∈ B N . Thus
Letting w = 0 in Equation (3.16) gives
for all z ∈ B N . Putting z = 0, we get ψ(0) = ψ(0), i.e. ψ(0) is a real number. Substituting the formula for ψ(z) into Equation (3.16), we obtain
Taking partial derivative with respect to w 1 , we obtain
Putting w = 0 in the above equation, we get
for k = 1, 2, . . . , n. Therefore we obtain
Taking derivative with respect to z, and putting z = 0, we have
that is, ϕ ′ (0) is a Hermitian matrix. Furthermore, we obtain ϕ(0) = 0, the proof is similar to that of Theorem 3.4, so we omit the details. It follows from Equation (3.17) and Equation In this section, we begin with some results about complex symmetric weighted composition operators with respect to the conjugation J. Then we give some nontrivial sufficient conditions for weighted composition operators to be unitary and J-symmetric. Based upon this, we obtain more new examples of complex symmetric weighted composition operators on H 2 (B N ). Finally, we characterize the normality of C Uz J-symmetric weighted composition operators. z,a0 , where a 1 = 0, a 0 ∈ B N  and A is a symmetric matrix such that ϕ is a self-map of B N . Then W ψ,ϕ is unitary if and only if
where a 0 ∈ B N − {0}.
In particular, if a 0 = 0, W ψ,ϕ is unitary if and only if ψ(z) = λ for some λ ∈ C with |λ| = 1 and ϕ(z) = Az where A is a unitary and symmetric matrix.
Proof. First recall that the adjoint of ϕ is defined by
Our hypotheses show that W ψ,ϕ is J-symmetric (see [17, Then we can obtain from direct computations that
If a 0 = 0 in Equation (4.3), we get
for some λ ∈ C with |λ| = 1 and
Thus we have ϕ(z) = Az, where A is a symmetric unitary matrix. If a 0 = 0 in Equation (4.3), we get |k| 2 = 1 1−|a0| 2 , then substituting the expression of |k| 2 into Equation (4.1) and (4.2) we have
Combining these two cases, we have our conclusion. only if a 1 is a real number, a 0 is a real vector, and A is a 
for any z, w ∈ B N , which implies
Putting w = 0 in Equation (4.4) we have
Thus, a 1 is a real number and a 0 is a real vector.
Combining these with Equation (4.4) we get
Hence, we have ϕ(z) = ϕ(z), that is
It follows that A is a real matrix, so we complete our proof.
4.2.
Some new examples of complex symmetric weighted composition operators on H 2 (B N ). In this section, we will give some new examples of complex symmetric weighted composition operators on H 2 (B N ). For this purpose, we first present some sufficient conditions for weighted composition operators to be both unitary and J-symmetric. 
, where µ ∈ C, |µ| = 1, U a = a and U is a symmetric unitary matrix, and T is a self-adjoint map depending on a. Then the weighted composition operator W Ψ,Φ is unitary and J-symmetric.
Proof. Clearly if Ψ(z) = λ and Φ(z) = U z, where |λ| = 1, U is a unitary and symmetric matrix, then W Ψ,Φ is unitary and J-symmetric.
Suppose that
where |µ| = 1, U a = a. From [11, Corollary 3.6] , we see that W Ψ,Φ is unitary. Notice that U a = a, so we have
Since U is a symmetric unitary matrix, we can then use Equation (4.5) to obtain U T is a symmetric matrix. Then [17, Theorem 3.1] implies that W Ψ,Φ is a J-symmetric weighted composition operator.
Problem 4.4. Try to give a sufficient and necessary condition for a weighted composition operator to be both unitary and J-symmetric. Note that the case for H 2 (D) was solved by Fatehi [3] .
Before beginning any proofs, we present an example that is simple enough that unitary and J-symmetric weighted composition operator W Ψ,Φ can be carried out concretely.
Example.
(i) Let Φ be an analytic self-map of B N and Ψ ba an analytic func-
, where µ ∈ C, |µ| = 1 and a ∈ R N ∩ B N . Then the weighted composition operator W Ψ,Φ is unitary and J-symmetric.
(ii) Let Φ be an analytic self-map of B N and Ψ ba an analytic function. If
, where µ ∈ C, |µ| = 1, a = (a j ) with a j = 0 for j = 1, 2, . . . , n and
Then the weighted composition operator W Ψ,Φ is unitary and J-symmetric.
Next, we will use the unitary and J-symmetric weighted composition operator in constructing some special conjugations. Proof. We know from Lemma 4.7 that C σ is bounded on H 2 (B N ), then by the adjoint formula on H 2 (B N ) given by Theorem 2.6, we will get this result by a simple computation. 
